By making use of the principle of subordination connecting analytic functions and the Liu-Owa operator, we introduce a certain subclass of multivalent analytic functions. Such results as subordination and superordination properties, convolution properties, distortion theorems, inequality properties and sufficient conditions for multivalent starlikeness are proved.
Introduction
Let H [a, k] A function f ∈ A p (k) is said to be in the class S * p,k (ρ) of p-valent starlike functions of order ρ, if it satisfies the following inequality:
If f (z) and g(z) are analytic in U, we say that f (z) is subordinate to g(z) or g(z) is superordinate to f (z), written as f ≺ g in U or f (z) ≺ g(z) (z ∈ U), if there exists a Schwarz function ω(z), which (by definition) is analytic in U with ω(0) = 0 and |ω(z)| < 1 (z ∈ U) such that f (z) = g(ω(z)) (z ∈ U). Indeed it is known that f (z) ≺ g(z) (z ∈ U) ⇒ f (0) = g(0) and f (U) ⊂ g(U).
Furthermore, if the function g(z) is univalent in U, then we have that the following equivalence holds (see [1, 2] ):
(0) and f (U) ⊂ g(U).
For functions f , g ∈ A p (k), where f is given by (1.1) and g is defined by
then the Hadamard product (or convolution) f * g of the functions f and g is defined by
Motivated essentially by Jung et al. [3] , Liu and Owa [4] introduced the operator Q α β,p :
and
given by (1.1), then from (1.2) and (1.3), we have
Using (1.4), it is easy to verify that
We note that the one-parameter family of integral operators Q α β,1 = Q α β was defined by Jung et al. [3] and studied by Aouf [5] and Gao et al. [6] .
By making use of the linear operator Q α β,p and the above-mentioned principle of subordination between analytic functions, we introduce and investigate the following subclass of the class A p (k) of p-valent analytic functions. ( 6) where (and throughout this paper unless otherwise mentioned) the parameters α, β, p, λ, µ, A and B are constrained as follows:
and all powers are understood as principal values.
In the present paper, we aim at proving such results as subordination and superordination properties, convolution properties, distortion theorems, inequality properties and sufficient conditions for multivalent starlikeness of the class T λ,µ p,k (α, β; A, B).
Preliminary results
In order to establish our main results, we need the following definition and lemmas.
Definition 2 ([2]
). Denote by L the set of all functions f that are analytic and injective onŪ \ E(q), where
and such that f (ζ ) = 0 for ζ ∈Ū \ E(q).
Lemma 1 ([1]). Let the function h(z) be analytic and convex (univalent) in U with
given by
and q(z) is the best dominant of (2.2).
Lemma 2 ([7]). Let q(z) be a convex univalent function in U and let
σ ∈ C, η ∈ C * = C \ {0} with 1 + zq (z) q (z) > max 0, − σ η .
If the function g(z) is analytic in U and
σ g(z) + ηzg (z) ≺ σ q(z) + ηzq (z), then g(z) ≺ q
(z) and q(z) is the best dominant.

Lemma 3 ([2]). Let q(z) be convex univalent in U and
and q(z) is the best subordinant.
Lemma 4 ([8]). Let F be analytic and convex in U. If
f , g ∈ A and f , g ≺ F then λf + (1 − λ) g ≺ F (0 ≤ λ ≤ 1) . Lemma 5 ([9]). Let f (z) = 1 + ∞ k=1 a k z k be analytic in U and g(z) = 1 + ∞ k=1 b k z k be analytic and convex in U. If f (z) ≺ g(z), then |a k | < |b 1 | (k ∈ N) . Lemma 6 ([10]). Let 0 = δ ∈ R, ν δ > 0, 0 ≤ ρ < 1, g(z) ∈ H [1, k] and g(z) ≺ 1 + Lz L = νM kδ + ν , where M = M k (δ, ν, ρ) = (1 − ρ) |δ| 1 + kδ ν |1 − δ + ρδ| + 1 + 1 + kδ ν 2 . If h(z) ∈ H [1, k] satisfies the following subordination condition: g(z) [1 − δ + δ ((1 − ρ) h(z) + ρ)] ≺ 1 + Mz, then (h(z)) > 0 (z ∈ U) .
Main results
We begin by presenting our first subordination property given by Theorem 1.
and q(z) is the best dominant.
Proof. Define the function g(z)
by
is of the form (2.1) and analytic in U. Differentiating (3.2) with respect to z and using (1.5), we get , we get 4) and q(z) is the best dominant. The proof of Theorem 1 is thus completed.
Theorem 2.
Let q(z) be univalent in U, λ ∈ C * . Suppose also that q(z) satisfies the following inequality:
If f ∈ A p satisfies the following subordination:
Proof
By using Lemma 2 and (3.7), we easily get the assertion of Theorem 2.
Taking q(z) = 1+Az 1+Bz
in Theorem 1, we get the following result.
Corollary 1.
Let λ ∈ C * and −1 ≤ B ≤ A < 1. Suppose also that
If f (z) ∈ A p satisfies the following subordination:
and the function 1+Az 1+Bz
is the best dominant.
Now, by making use of Lemma 3, we now derive the following superordination result.
Theorem 3. Let q(z) be convex univalent in
and the function q(z) is the best subdominant.
Proof. Let the function g(z) be defined by (3.2). Then
µ .
An application of Lemma 3 yields the assertion of Theorem 3.
in Theorem 3, we get the following corollary.
Corollary 2. Let q(z) be convex univalent in U and
is the best subdominant.
Combining the above results of subordination and superordination, we easily get the following ''sandwich-type result''.
Corollary 3. Let q 1 (z) be convex univalent and let q
is univalent in U, and also
and q 1 (z) and q 2 (z) are, respectively, the best subordinant and dominant.
The bound R is the best possible.
Proof. We begin by writing
Then, clearly, the function g(z) is of the form (2.1), is analytic and has a positive real part in U. Differentiating (3.9) with respect to z and using the identity (1.5), we get
By making use of the following well-known estimate (see [11] ): 10) , we obtain that
It is seen that the right-hand side of (3.11) is positive, provided that r < R, where R is given by (3.8) .
In order to show that the bound R is the best possible, we consider the function f (z)
Noting that
for |z| = R, we conclude that the bound is the best possible. Theorem 4 is thus proved. 
14)
where ω(z) is an analytic function with ω(0) = 0 and |ω(z)| < 1 (z ∈ U). By virtue of (3.14), we easily find that
Combining (1.4) and (3.15), we have
The assertion (3.13) of Theorem 5 can now easily be derived from (3.16).
with (λ) > 0. We know that (3.1) holds true, which implies that
The extremal function of (3.24) is defined by
with (λ) > 0. From Theorem 1, we know that (3.1) holds, which implies that
and The extremal function of (3.29) is defined by (3.25).
By noting that
( (υ)) The inequality (3.30) is sharp, with the extremal function defined by (3.25).
